A stochastic approach for the description of the water balance dynamics in a river basin by S. Manfreda & M. Fiorentino
Hydrol. Earth Syst. Sci., 12, 1189–1200, 2008
www.hydrol-earth-syst-sci.net/12/1189/2008/
© Author(s) 2008. This work is distributed under
the Creative Commons Attribution 3.0 License.
Hydrology and
Earth System
Sciences
A stochastic approach for the description of the water balance
dynamics in a river basin
S. Manfreda and M. Fiorentino
Dipartimento di Ingegneria e Fisica dell’Ambiente (DIFA), Universit` a degli Studi della Basilicata,
via dell’Ateneo Lucano, 10, Potenza, 85100, Italy
Received: 17 January 2008 – Published in Hydrol. Earth Syst. Sci. Discuss.: 13 March 2008
Revised: 9 July 2008 – Accepted: 18 August 2008 – Published: 17 September 2008
Abstract. The present paper introduces an analytical ap-
proach for the description of the soil water balance dynam-
ics over a schematic river basin. The model is based on a
stochastic differential equation where the rainfall forcing is
interpretedasanadditivenoiseinthesoilwaterbalance. This
equation can be solved assuming known the spatial distribu-
tion of the soil moisture over the basin transforming the two-
dimensional problem in space in a one dimensional one. This
assumption is particularly true in the case of humid and semi-
humid environments, where spatial redistribution becomes
dominant producing a well deﬁned soil moisture pattern. The
model allowed to derive the probability density function of
the saturated portion of a basin and of its relative saturation.
This theory is based on the assumption that the soil water
storage capacity varies across the basin following a parabolic
distribution and the basin has homogeneous soil texture and
vegetation cover. The methodology outlined the role played
by the soil water storage capacity distribution of the basin
on soil water balance. In particular, the resulting probability
density functions of the relative basin saturation were found
to be strongly controlled by the maximum water storage ca-
pacity of the basin, while the probability density functions
of the relative saturated portion of the basin are strongly in-
ﬂuenced by the spatial heterogeneity of the soil water storage
capacity. Moreover, the saturated areas reach their maximum
variability when the mean rainfall rate is almost equal to the
soil water loss coefﬁcient given by the sum of the maximum
rate of evapotranspiration and leakage loss in the soil water
balance. The model was tested using the results of a continu-
ous numerical simulation performed with a semi-distributed
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model in order to validate the proposed theoretical distribu-
tions.
1 Introduction
Dynamics of soil moisture in time and space is governed by
complex and dynamical interactions between climate, soil
and vegetation. Its spatial distribution over a river basin
provides a crucial link between hydrological and ecological
processes through its controlling inﬂuence on runoff gener-
ation, groundwater recharge, transpiration, carbon assimila-
tion, etc. The interrelationship between ecological and geo-
physical determinants of surface water balance is at the fore-
front of a number of outstanding issues in ecohydrological
science (e.g. Rodr´ ıguez-Iturbe and Porporato, 2004; Mon-
taldo et al., 2005).
Recent research has received signiﬁcant inputs for the de-
scription of this variable through the numerous experimental
campaigns carried out in the last years (e.g. Monsoon, 1990;
Washita, 1992, 1994; SGP, 1997, 1999; Tarrawarra experi-
ment). These experiments have increased our understanding
of the temporal variability and of the spatial structure of the
soil moisture ﬁelds and of the importance of physical charac-
teristics such as soil texture, vegetation and topographic pat-
terns for soil moisture variability (Western et al., 2002; Kim
and Barros, 2002; Wilson et al., 2004; Jawson and Niemann,
2007).
The dynamics of soil moisture at a point has been
extensively investigated by numerous authors using stochas-
tic differential equations to derive its steady-state probability
density function (e.g. Rodr´ ıguez-Iturbe et al., 1999; Laio et
al., 2001; Porporatoetal., 2004; RigbyandPorporato, 2006).
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These theories have been useful to describe the vegeta-
tion water stress in a probabilistic framework (Porporato et
al., 2001) and to investigate on the interactive manner by
which resource availability are manifested within various
ecological systems observed in nature (e.g. van Wijk and
Rodr´ ıguez-Iturbe, 2002; Scanlon et al., 2005; Caylor et al.,
2005).
Recent studies have extended the theoretical description
of the soil moisture to the spatial scale introducing a space-
time soil moisture model driven by a stochastic space-time
rainfall forcing described by a sequence of circular cell of
Poisson rate (Isham et al., 2005; Rodr´ ıguez-Iturbe et al.,
2006; Manfredaetal., 2006). Themethodologyexplicitlyac-
counts for soil characteristics, vegetation patterns, and rain-
fall dynamics neglecting topographical effects and the upper
bound due to soil saturation. This soil moisture model can be
considered representative of a relatively ﬂat landscape under
arid/semiarid climatic conditions.
The description of the soil moisture evolution over a river
basin is, at the moment, a challenging topic that may be
useful for both ecohydrological and hydrological research.
Some examples in this direction are given in the paper by
Botter et al. (2007a), where the probability density func-
tions of the slow components of the runoff are derived us-
ing a river basin schematization with uniform macroscopic
parameters governing the soil water balance neglecting the
spatial heterogeneity of soil properties. The same authors ex-
tended the previous work introducing the spatial heterogene-
ity of the basin summing the runoff contributions provided
by different subbasins with spatially averaged soil properties
(Botter et al., 2007b), but still each subbasin is considered as
an homogeneous entity where the relative saturation follows
the same dynamics of a point process.
The present work represents an attempt to ﬁll such a gap
introducing a mathematical schematization for the derivation
of the probability distribution of the relative saturation of a
basin accounting for the spatial heterogeneity in soil water
storage capacity. The proposed scheme includes a number of
approximations, but it leads to an interesting framework for
the derivation of the main statistics of basin scale variables.
Among others, our interest focused on the behaviour of rela-
tive saturation and saturated areas over a river basin that may
be responsible of the dynamics of riparian vegetation as well
as runoff generation.
The theory is based on the conceptual Xinanjiang model
that describes watershed heterogeneity using a parabolic
curve for the distribution of the soil water storage ca-
pacity (Zhao et al., 1980). The Xinanjiang model was
ﬁrst developed in 1973 and published in English in 1980.
It is a well-known lumped watershed model widely used
in China. Furthermore, the adopted relationship between
the extent of saturated areas and the volume stored in
the catchment has driven the evolution of a number of
more recent models such as the Probability Distributed
Model (Moore and Clarke, 1981; Moore, 1985, 1999), the
VIC model (Wood et al., 1992) and the ARNO model (To-
dini, 1996).
The present paper provides a description of the mathemat-
ical framework used to derive the probability density func-
tions of the soil water content and of the portion of saturated
areas at basin scale in Sects. 2 and 3. Results of the the-
ory along with an application of the model are discussed in
Sect. 4 that precedes the conclusions.
2 Model description
2.1 Rainfall model
Rainfall occurrences are modelled by a sequence of instanta-
neous pulses that occur in a Poisson process of rate λ in time
and uniform in space. Each pulse is characterized by a ran-
dom total depth h exponentially distributed with mean α that
may be considered as the mean daily rainfall since the model
is interpreted at the daily time scale (see Rodr´ ıguez-Iturbe et
al., 1999).
In the following, we will refer to a normalized version of
the density function of rainfall depths described as
fH(h)=γe−γh (1)
whereγ=wmax/α and wmax is the maximum value of the soil
water storage capacity in the basin.
The spatial heterogeneity of rainfall is neglected assuming
uniform distribution of rainfall occurring at random in time
over the entire basin. Such an assumption may be more or
less reliable depending on climatic characteristics of rainfall
forcing and basin size. In general, one should expect that
it becomes more realistic for medium/small size basins. The
climatic conditions may also affect the spatial correlation and
the extend of rainfall ﬁelds that become more and more uni-
form in humid regions.
2.2 The variability of the soil water storage capacity over
the basin
The water storage capacity of the soil is certainly one of the
most signiﬁcant parameter for a correct description of soil
moisture dynamics. In fact, it is the main factor controlling
the temporal dynamics of the process as clearly shown by
Manfreda and Rodr´ ıguez-Iturbe (2006). For this reason, in
the present work, the soil thickness is assumed to vary over
the basin according to a given distribution. For sake of sim-
plicity, the remaining sources of heterogeneity like pattern
of vegetation and soil texture variability will be neglected in
the present work assuming that the soil texture as well as the
vegetation are uniform over the watershed.
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The watershed heterogeneity is described using a
parabolic curve for the water storage capacity of the soil
(Zhao et al., 1980)
f
F
=1−

1−
W
wmax
b
(2)
where f/F represents the fraction of the basin with water
storage capacity ≤W, wmax is the maximum value of the wa-
ter storage capacity in the basin and b is a shape parameter
that according to Zhao (1992) assumes values between 0.1–
0.4 increasing with the characteristic dimension of the basin.
An example of the Eq. (2) is given in Fig. 1 where this func-
tion is plotted for different values of b. The parameter b af-
fects the spatial heterogeneity of W that increases with larger
values of b and becomes a uniform distribution when b=0.
Theabovedistributionhasbeenextensivelyusedinseveral
conceptual models where the parameters b and wmax have
been calibrated against runoff data.
A ﬁrst attempt to seek for a physical interpretation of
the parameters b and wmax was made by Sivapalan and
Woods (1995). In this work, the authors observed a qual-
itative connection between the landform types and the soil
depths of a basin in Western Australia to the topographic po-
sition. Later on, Sivapalan et al. (1997) developed a concep-
tual rainfall/runoff model along the lines of the VIC model
(Wood et al., 1992) exploiting the topographic index of the
TOPMODEL (WI=ln(a/tanβ) by Beven and Kirkby, 1979)
to deﬁne the parameters of Eq. (2).
In a more recent work, Chen et al. (2007) stated
that Eq. (2) can be estimated directly from digital el-
evation data. In particular, they use the spatial dis-
tribution of the TOPMODEL topographic index to esti-
mate the so called index of runoff generation difﬁculty
(IRDG=(max[WI]−WI)/(max[WI]−min[WI])) through a
normalized function of the topographic index as suggested
by Gou et al. (2000). Speciﬁcally, the authors propose to
substitute the parabolic curve of soil water storage capacity
of the Xinanjiang model with the cumulative frequency dis-
tribution of IRDG. Under this hypothesis one can estimate
the shape parameter b by ﬁtting Eq. (2) with the cumulative
frequency distribution of IRDG.
In the following, we provide a sequence of deﬁnitions use-
ful for model description and comprehension.
The total water storage capacity of the basin is obtained
integrating (1−f/F) between W=0 and wmax, obtaining
WM=
wmax
1+b
, (3)
that according to Zhao (1984) and Zhao and Wang (1988)
assumes values between 120mm and 160mm depending on
the climatic zone.
In order to obtain a water balance equation with only one
state variable, it is necessary to make the hypothesis that the
soil water distribution is known over the basin. In partic-
ular, it is possible to assume that the soil water content is
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Fig. 1. Distribution of the water storage capacity of a river basin
assuming wmax=20cm, while the parameter b changes from 0.1 to
1.5.
redistributed within the basin cumulating in the areas with
lower soil depth following the same assumption of the Xi-
nanjiang model. The conceptual schematization of the basin
is sketched in Fig. 2, where both the soil water content dis-
tribution and the soil water storage capacity are described.
From this graph, it is also clear that the relative saturated ar-
eas, a, are described by the same relationship given in Eq. (2)
where a correspond to the ratio f/F.
The watershed-average soil moisture storage at time t, is
the integral of 1−f/F between zero and the actual value of
the water level in the basin scheme, wmt,
Wt=
Z wmt
0

1−
f
F

dW=WM
 
1−

1−
wmt
wmax
1+b!
. (4)
The relative saturation of the basin is a signiﬁcant vari-
able to interpret the basin dynamics and it will be considered,
from now on, the state variable of the system along with the
saturated portion of the basin, a. The relative saturation of
the basin may be deﬁned as the ratio between the total wa-
ter content of the basin divided by the total water storage
capacity. Under the described schematization, the relative
saturation of the basin, s, can be deﬁned as
s= Wt
WM=

1−

1− wmt
wmax
1+b
. (5)
2.3 The soil water losses
The function describing the soil water losses represents the
deterministic part of the stochastic equation describing the
soil water balance. It depends on the local value of the soil
water content and the maximum rate of soil water losses.
The main contributions to soil losses are given by: the ac-
tual evapotranspiration and the soil leakage. A possible ap-
proximation for the sum of this two terms is given by a linear
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Fig. 2. Schematization of the basin structure and soil water content distribution. The black line represents the distribution of the soil water
storage capacity, W, that ranges from 0 to wmax; the blue line depicts the water distribution over the schematic basin whose level is wmt;
the dashed line depicts the increase in wmt after a rainfall event producing an inﬁltration I over the unsaturated portion of the basin, while
the saturated and the becoming saturated portion of the basin will produce a runoff represented by the dashed area of the graph.
It is worth nothing to remark that the same loss func-
tion has been used by numerous authors (e.g., Entekhabi and
Rodr´ ıguez-Iturbe, 1994; Pan et al., 2003; Porporato et al.,
2004; Rodr´ ıguez-Iturbe et al., 2006) essentially for two rea-
sons: ﬁrst of all, it represents a reasonable approximation for
the sum of the actual evapotranspiration and the leakage and
second it is a useful simpliﬁcation in a mathematical frame-
work.
Since the adopted soil loss function is linear, it may be
generalized at the basin scale using the product between the
relative basin saturation, s, and the water loss coefﬁcient. It
follows
Lb(wmt) = V s = V
Ã
1 −
µ
1 −
wmt
wmax
¶1+b!
. (7)
For analytical purposes, the soil water losses can be ex-
pressed as a function of the relative water level in the basin
expressed through the ratio R = wmt
wmax. In this case, the soil
water losses are computed, using an approximated exponen-
tial function, as
Lb
µ
R =
wmt
wmax
¶
∼ = V
µ
e−kR − 1
e−k − 1
¶
(8)
where k is a coefﬁcient that has been used to ﬁt the above
with equation (7). The two functions were ﬁtted imposing
the condition that they subtend the same area between R= 0
and 1. Using this assumption, one may obtain the following
expression
b =
2 − 2ek + k + ekk
ek − k − 1
, (9)
that may be solved numerically in k providing an estimate
of k as a function of the parameter b. This yields k ∼ =
b/
¡ b
7 − 1
3
¢
.
The equation (8) is represented in Fig. 3 for different val-
ues of the parameter b that varies from 0.1 up to an hypothet-
ical value of 1.5. This graph shows how the soil water loss
function at the basin scale becomes more non-linear with the
increase of the values of b.
3 The Water Balance Equation
The water balance equation needs to be written at the basin
scale in order to derive the relative dynamics of soil water.
This problem can tackled working with the mass conserva-
tion equation of total water, Wt, or with the water level in the
parabolic reservoir. In the ﬁrst case, the rainfall forcing rep-
resentsamultiplicativenoise, whileinthesecondcase itisan
additive noise. This last approach is consequently preferable
for analytical purposes.
Using the above approximations for the rainfall forcing
and for the spatial distribution of the soil water storage ca-
Fig. 2. Schematization of the basin structure and soil water content distribution. The black line represents the distribution of the soil water
storage capacity, W, that ranges from 0 to wmax; the blue line depicts the water distribution over the schematic basin whose level is wmt;
the dashed line depicts the increase in wmt after a rainfall event producing an inﬁltration I over the unsaturated portion of the basin, while
the saturated and the becoming saturated portion of the basin will produce a runoff represented by the dashed area of the graph.
function where the soil losses are assumed to be proportional
to the relative saturation of soil in a point
L(ζ)=Vζ(t,x), (6)
where L(ζ) is the soil water loss relative to the relative soil
saturation ζ(t,x) at time t in the point x in space, and V is
the water loss coefﬁcient.
It is worth nothing to remark that the same loss func-
tion has been used by numerous authors (e.g. Entekhabi and
Rodr´ ıguez-Iturbe, 1994; Pan et al., 2003; Porporato et al.,
2004; Rodr´ ıguez-Iturbe et al., 2006) essentially for two rea-
sons: ﬁrst of all, it represents a reasonable approximation for
the sum of the actual evapotranspiration and the leakage and
second it is a useful simpliﬁcation in a mathematical frame-
work.
Since the adopted soil loss function is linear, it may be
generalized at the basin scale using the product between the
relative basin saturation, s, and the water loss coefﬁcient. It
follows
Lb(wmt)=Vs=V
 
1−

1−
wmt
wmax
1+b!
. (7)
For analytical purposes, the soil water losses can be ex-
pressed as a function of the relative water level in the basin
expressed through the ratio R= wmt
wmax. In this case, the soil
water losses are computed, using an approximated exponen-
tial function, as
Lb

R=
wmt
wmax

∼ = V

e−kR−1
e−k−1

(8)
where k is a coefﬁcient that has been used to ﬁt the above
with Eq. (7). The two functions were ﬁtted imposing the
condition that they subtend the same area between R=0 and
1. Using this assumption, one may obtain the following ex-
pression
b=
2−2ek+k+ekk
ek−k−1
, (9)
that may be solved numerically in k providing an estimate
of k as a function of the parameter b. This yields k ∼ =
b/

b
7−1
3

.
The Eq. (9) is represented in Fig. 3 for different values
of the parameter b that varies from 0.1 up to an hypotheti-
cal value of 1.5. This graph shows how the soil water loss
function at the basin scale becomes more non-linear with the
increase of the values of b.
3 The water balance equation
The water balance equation needs to be written at the basin
scale in order to derive the relative dynamics of soil water.
This problem can tackled working with the mass conserva-
tion equation of total water, Wt, or with the water level in the
parabolic reservoir. In the ﬁrst case, the rainfall forcing rep-
resentsamultiplicativenoise, whileinthesecondcaseitisan
additive noise. This last approach is consequently preferable
for analytical purposes.
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Using the above approximations for the rainfall forcing
and for the spatial distribution of the soil water storage ca-
pacity, the soil water balance over the basin can be described
through the following stochastic differential equation in wmt
dwmt
dt
=I−Vs, (10)
where I represents an additive term of inﬁltration and water
losses are assumed to be proportional to the relative satura-
tion of the basin s. The advantage to solve the water balance
equation in wmt is that the inﬁltration rate can be summed as
an additive term of the stochastic differential equation. The
water level wmt in the basin schematization increases as long
as the inﬁltration does not exceed the maximum water stor-
age capacity of the basin wmax, but this does not mean that
there no runoff production. The inﬁltration is equal to the
rainfall depth in the portion of the basin that have a resid-
ual water storage capacity available to be ﬁlled, there after
the rainfall will be converted into runoff (see Fig. 2). The
schematization, in fact, accounts for the upper bound im-
posed by the soil saturation.
In the present scheme, the runoff generation occur for sat-
uration excess in the saturated portion of the basin obtain-
ing a behaviour comparable with a Dunne mechanism where
the direct precipitation on saturated areas (saturated overland
ﬂow) is dominant runoff generation mechanisms (e.g. Hib-
bert, 1967; Dunne and Black, 1970).
The water balance equation can be solved using the stan-
dardized variable
R=
wmt
wmax
, (11)
where R∈[0,1] that represents the relative water level in the
parabolic reservoir describing the basin.
Under these assumptions, it is convenient to standardize
the soil water loss rate
ρ(R)=β

e−kR−1
e−k−1

, (12)
where β=V/(wmax) is the normalized soil water loss coefﬁ-
cient.
The water balance equation becomes
dR
dt
=
I
wmax
−ρ(R). (13)
Following Rodr´ ıguez-Iturbe et al. (1999), the probability
density function (PDF) of R can be obtained and solved ana-
lytically for steady-state conditions. The PDF of R, obtained
using the simpliﬁed loss function ρ(R) in the water balance
equation above, becomes
p(R)= C
ρ(R)e
−γR+λ
R 1
ρ(R)du =
Cek(R−1)−Rγ 
ek−1
 
ekR−1
λ(1−e−k)
kβ −1
β ,
(14)
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Fig. 3. Soil water losses computed at the basin scale as a function
of the ratio R= wmt
wmax.
where C is a constant of integration that may be computed
simply imposing the normalizing condition,
R 1
0 p(R)dR=1.
Thus, C assumes the following value
C=1/
R 1
0
ek(−1+R)−Rγ 
ek−1
 
ekR−1
−1+λ−e−kλ
kβ
β dR (15)
C=
β
0[1−γ
k]0

λ−e−kλ
kβ

kek0

kβ−βγ+λ−e−kλ
kβ
+
F1
"
1−γ
k ,1+(e−k−1)λ
kβ ,2−γ
k ,ek
#
eγ (γ−k)
·
1
(−1)
λ−e−kλ
kβ (ek−1)
(16)
where 0[.] is the complete Gamma Function and F1[.,.,.,.]
is the Hypergeometric Function (Abramowitz and Stegun,
1964; Prudnikov et al., 1986).
According to Eq. (2), the water level in the parabolic reser-
voir proposed to describe the soil water storage capacity can
be related to the fraction of saturated areas, a, as
wmt=(1−(1−a)
1
b)wmax, (17)
or to the relative saturation of the basin using Eq. (6). Con-
sequently, the derivation of the probability density function
at the steady-state of a and s can be obtained straightforward
as derived distributions.
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3.1 Probability density function of saturated areas of the
basin
Under these hypotheses, it is possible to deﬁne the probabil-
ity distribution of saturated areas given the climatic forcing
and the geomorphologic characteristics of the basin. In par-
ticular, the probability density function of a can be obtained
from the probability density function of R as
pA(a)=pR(f −1(a))
df −1(a)
da
. (18)
To this end, it is necessary to clarify the relationship be-
tween R and a that may be obtained from Eq. (2) where the
ratio f/F may be also interpreted as the saturated portion of
the basin. It follows
R=f −1(a)=1−(1 − a)
1
b. (19)
The derivative of f −1(a) is
df −1(a)
da
=
1
b
(1−a)
1
b−1. (20)
Consequently, using the Eq. (19) one obtains the following
expression for the probability density function of the relative
saturated areas of a basin
pA(a)=(1−a)
1
b −1
bβ Ce
γ

(1−a)
1
b −1

−(1−a)
1
b k
·
 
ek−1


ek−(1−a)
1
b k−1
λ−e−kλ
kβ −1
.
(21)
3.2 Probability density function of the relative saturation of
the basin
The relative saturation of the basin can be easily charac-
terized at this point using the probability distribution of
Eq. (14). Then, one can use the relationship between R and
s,
R=g−1(s)=(1−(1−s)
1
1+b), (22)
toobtainthederivedprobabilitydistributionofs. Tothisend,
the same approach used in the previous paragraph should
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be used where one also need the derivative of the function
g−1(s)
dg−1(s)
ds
=
(1−s)
1
1+b−1
1+b
. (23)
The probability density function for the relative saturation
of the basin at the steady state can be described by the fol-
lowing expression
p(s)=(1−s)
−b
1+b C
(1+b)β
 
ek−1


ek−k(1−s)
1
1+b −1
λ−e−kλ
kβ −1
·
e
−k(1−s)
1
1+b +γ

(1−s)
1
1+b −1

.
(24)
4 Results and discussion
The model proposed here is a minimalist representation of
soil moisture dynamics at basin scale. In the following appli-
cations the derived PDFs are tested using Monte Carlo sim-
ulations in order to understand the reliability of the adopted
simpliﬁcation for the analytical derivation and also to evalu-
ate the ability of the model to reproduce the dynamics of a
river basin. Results show that the model provides a realistic
description of the basin water balance under a wide range of
climatic and physical conditions.
In order to show the dynamics of the relative saturated
portion of the basin, a numerical simulation of the described
model with no approximation in the soil water loss function
was performed over a temporal window of 100years using
different values of b and wmax. A realization of the process
is given in Fig. 4 considering a limited temporal window
of 900days. Different parameters of the soil water storage
capacity distribution may change dramatically the dynamics
of the system and this is even more clear in the PDFs of a
and s described in the following paragraphs. The simulation
has been used for comparison with the theoretical distribu-
tions obtaining a very good agreement as one may observe
in Fig. 5. The two probability density functions of the rela-
tive saturation and the relative portion of the saturated areas
of the basin are compared with the PDFs obtained via nu-
merical simulation. This result provides an idea of the errors
associated with the use of an approximated function to de-
scribe the soil water losses (see Eq. 9).
Figure 6 describes a sequence of probability distributions
of the relative saturation of the basin and of the saturated ar-
eas assuming different set of parameters for the distribution
of water storage capacity with ﬁxed climatic conditions. It
may be immediately appreciated how the relative structure
of the basin plays a fundamental role in the dynamics of s
and a. It is interesting to note that on one hand the reduc-
tion of the maximum water storage capacity, wmax, increases
the variability of both relative basin saturation and saturated
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Fig. 5. Comparison between the probability density functions of
the relative saturation of the basin (upper graph) and relative satu-
rated areas (bottom) obtained with the theoretical distribution given
in Eqs. (21) and (24) and numerical simulation (full circles). The
parameters adopted are wmax=40cm (continuous line) and 10cm
(dashed line), while the remaining are b=0.4, λ=0.3, α=1.0cm and
V=0.7cm/day.
areas; on the other hand the increase of the heterogeneity in
the distribution of W, dictated by the parameter b, does not
provide signiﬁcant change on s. In fact, the increase of the
exponent b does not apparently affect the variance of s, but
at the same time it increases the mean and the variability of
the saturated areas.
The role of climatic forcing is described in Fig. 7, where
some examples of PDFs, derived from Eqs. (21) and (24),
are plotted for different values of the parameters α and λ.
These two parameters control the mean rainfall rate (αλ)
and their increase with a ﬁxed value of V means a shift
towards more humid environments. Such a variation in
the climatic conditions reﬂects on the position and also on
the shape of the PDFs of both s and a. In the examined
cases, changes in the mean rainfall depth, α, produce a more
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Fig. 6. Probability density functions of the relative saturation (second column) and of the saturated areas (third column) of a river basin
assuming wmax equal to 40cm and 10cm, while the parameter b varies between 0.1, 0.4 and 1.5 in the top down order. The remaining
parameters are λ=0.3, α=1.0cm and V=0.7cm/day. In the ﬁrst column, the soil water storage capacity distribution is represented for the
corresponding set of parameters wmax and b on each row.
marked change in the PDF’s shape even under the same mean
rainfall rate. In fact, one may compare the dashed PDF in
the ﬁrst panel on the left, obtained assuming the parame-
ters α=20mm and λ=0.1event/day producing a mean rain-
fall rate of 2mm/day, with the PDF in the second panel on
the left (continuous line) obtained with parameters α=10mm
and λ=0.2event/day characterized by the same rainfall rate.
The two distribution are slightly different and in particular
it seems that the increase in the mean rainfall depth of the
storms increases the variability of the relative saturation of
the basin. This effect is even more marked in the PDFs of
relative saturated areas.
Themeanandthestandarddeviationofthesaturatedareas,
a, are described in Fig. 8 as a function of the water loss co-
efﬁcient V. Generally, the mean value of the basin saturated
areas decrease with the increase of the water loss coefﬁcient.
A different behaviour is observed for the standard deviation
that reaches a maximum value when the soil water losses
coefﬁcient is equal to the mean daily rainfall (here equal to
αλ=3mm). Onemayalsoobservethatthepresenceofamore
heterogeneous soil water storage capacity (b=0.4) induces a
higher mean but also a higher variability.
The parameters wmax and b may also affect the partition
between runoff and soil water losses that is described in
Fig. 9 as a function of the Poisson rate of rainfall λ. The gen-
eral signal is an increase of the soil losses with the increase
of the incoming rainfall. Of course some differences may
be observed for the different basin conﬁguration considered
herein. It may be noticed that the increase of the parameter
b, representing the spatial heterogeneity of the water storage
capacity, tends to reduce the expected value of the soil water
losses, but certainly in this case the controlling parameter is
the maximum value of the water storage capacity wmax.
Hydrol. Earth Syst. Sci., 12, 1189–1200, 2008 www.hydrol-earth-syst-sci.net/12/1189/2008/S. Manfreda and M. Fiorentino: Soil water dynamics within a river basin 1197
0.2 0.4 0.6 0.8 1
s
1
2
3
4
5
6
7
8
ps
Α 20 mm
Α 10mm
0.2 0.4 0.6 0.8 1
a
2.5
5
7.5
10
12.5
15
17.5
20
pa
Α 20 mm
Α 10mm
0.2 0.4 0.6 0.8 1
s
1
2
3
4
5
6
7
8
ps
Α 20 mm
Α 10mm
0.2 0.4 0.6 0.8 1
a
2
4
6
8
10
pa
Α 20 mm
Α 10mm
0.2 0.4 0.6 0.8 1
s
1
2
3
4
5
6
7
8
ps
Α 20 mm
Α 10mm
0.2 0.4 0.6 0.8 1
a
2
4
6
8
10
pa
Α 20 mm
Α 10mm
Fig. 7. Probability density functions of the relative saturation (ﬁrst column) and of the saturated areas (second column) of a river basin
assuming wmax equal to 20cm, the parameter b=0.4 and two different values for α (10mm and 20mm), while the parameter λ varies
between 0.1, 0.2 and 0.4 in the top-down order.
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Fig. 8. Expected value and standard deviation of the saturated areas of the basin as a function of the soil water loss coefﬁcient, V , for
different values of wmax and b. Remaining parameters are the same of Fig. 6.
4.1 Comparison of the theoretical model with a continuous
numerical simulations
The model has been tested using the data obtained from
a continuous hydrological simulation performed using a
semi-distributed hydrological model (DREAM – Man-
freda et al., 2005) in cascade with a rainfall generator
(IRP – Veneziano et al., 2002). Montecarlo simulations were
performed over 800years using synthetic rainfall spatially
uniform over the basin. Results were used by Fiorentino et
al. (2007) to derive the probability distribution of the runoff
contributing areas during rainfall events for the Agri and the
Bradano river basins (Southern Italy). These areas also rep-
resent the saturated portion of the basin since the DREAM
model adopts a runoff generation based on saturation excess
and the rainfall was assumed to be uniform in the modelling
application. For these reasons, the results of the work by
Fiorentino et al. (2007) represent an ideal dataset to test the
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proposed theoretically derived PDFs.
Among the two basins investigated by Fiorentino et
al. (2007), the Agri represents a perfect study case belong-
ing to a humid area suitable to be interpreted through the
proposed mathematical model. This basin has been deeply
investigated in previous studies and its detailed description is
available in Fiorentino et al. (2006, 2007). Consequently, the
modelling results obtained for this basin are used here to test
the reliability and applicability of the probability distribution
of saturated areas derived in the present paper.
Parameters of the theoretical distribution have been com-
puted exploiting as much as possible the available informa-
tionontheAgriRiverbasin. Inparticular, rainfallparameters
have been estimated from rainfall records during the wet sea-
son, theparameterV isestimatedfromtheequationproposed
by Pan et al. (2003),
V=max(1,6.08+0.40Ks−0.51LAI)[mm/day], (25)
where Ks=6.06cm/h (mean value of the permeability over
the basin) and LAI=1.28 (mean value over the basin during
the wet season). The parameter b was ﬁtted using the method
proposed by Chen et al. (2007) exploiting the topographic
index computed from a digital elevation model at 240m of
resolution obtaining an estimate of b=0.39.
The comparison between the PDFs of saturated areas ob-
tained with the two procedures is depicted in Fig. 10 where
the theoretical distributions have been plotted using two dif-
ferent values for the parameter wmax derived from Eq. (3)
using the two extremes that the total water storage capacity,
WM, can assume according to Zhao (1984) and Zhao and
Wang (1988). Both the theoretical PDFs have a good agree-
mentwiththeresultsobtainedfromthesimulationperformed
with the DREAM model. Of course, the semi-empirical pa-
rameter wmax should be estimated from runoff data in order
to get a more accurate estimate of p(a), but this preliminary
results shows a low variability of this distribution respect to
the range of variability assumed by this last parameter.
5 Conclusions
In the present paper, a new approach is introduced to de-
scribe analytically the relative soil saturation of a river basin
and the dynamics of its saturated areas. The method pro-
vides a simpliﬁed description of river basin characteristics,
but includes the effect of spatial variability of water storage
capacity adopting the same schematization used by Zhao et
al. (1980) for the Xinanjiang model.
In summary, this approach allowed to:
– Derive analytically the probability density function of
the saturated portion of a basin also called runoff source
areas that represent a signiﬁcant variable in the dynam-
ics of a river basin (e.g. Fiorentino et al., 2007). Fur-
thermore, the model introduced may be easily adopted
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Fig. 9. Expected value of the soil water losses <L> as a function
of the parameter λ assuming different values for wmax and b. The
remaining parameters are λ=0.3, α=2.0cm and V=0.7cm/day.
to derive the probability density function of runoff
production as it will be described in a subsequent pa-
per by Manfreda (2008)1.
– Derive the probability density function of the relative
saturation of a river basin characterized by a given cli-
matic forcing and distribution of the soil water storage
capacity.
– Identify the role of climatic and physical features of the
basin on its soil water dynamics in humid environments
through the use of physically meaningful parameters (α,
λ and V) and semi-empirical parameters (b and wmax).
In this context, an interesting results was observed in
the variability of saturated areas that apparently reached
its maximum when the soil water loss coefﬁcient gets
close to the mean rainfall rate.
– Understand the role played by the distribution of the soil
water storage capacity on soil water of the basin. In
particular, results outlined a strong control of the spatial
heterogeneity on the shape of the probability distribu-
tion of saturated areas, while the relative saturation of
the basin seems more controlled by the maximum water
storage capacity.
– Deﬁne a theoretical framework useful also for the de-
velopers and numerous users of the Xinanjiang model
and similar conceptual models.
The model has been tested with the results of a continu-
ous numerical simulation performed with a distributed model
obtaining a good agreement between the two outcomes. The
exercise reported here was particularly useful to design a
strategy for the parameter estimation of the model that turn
out to be straightforward.
1Manfreda, S.: Runoff Production Dynamics within a Humid
River Basin, Nat. Hazard Earth Syst. Sci., submitted, 2008.
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Fig. 10. Comparison between the probability distribution of the sat-
urated areas of the Agri River basin obtained from numerical simu-
lation with a semi-distributed model (full circles) and the theoretical
density functions derived in the present work where the parameters
are: λ=0.29, α=1.35cm, V=0.606cm/day, b=0.39 and ﬁnally wmax
is assumed equal to 16.6cm (dashed line) and 22.2cm (continuous
line).
The model has not been applied to a real case yet, but
a speciﬁc experiment has been designed in order to derive
the statistics of the averaged soil moisture over a basin hill-
slope in order to compare the derived PDFs to a real case.
Moreover, the proposed scheme can be used to derive the
probability density function of the runoff production at basin
scale taking into to account two relevant phenomena like the
non-linearity in the rainfall-runoff generation mechanisms
and the saturation effect of the basin (Manfreda, 20081).
Appendix A
Notation
a fraction of saturated areas [dimensionless].
C constant of integration [dimensionless].
F1[.,.,.,.] hypergeometric function.
f/F saturated portion of the basin [dimensionless].
0[.] complete gamma function.
I inﬁltration [cm].
Lb(R) soil water loss function at the basin scale [cmd−1].
R= wmt
wmax relative water level in the basin [dimensionless].
s relative saturation of the basin [dimensionless].
k coefﬁcient of the simpliﬁed soil water loss function used
to ﬁt Eq. (7) [dimensionless].
W water storage capacity at a point [cm].
WI wetness index [ln(m)].
wmax maximum value of the water storage capacity in the
basin [cm].
wmt water level in the parabolic reservoir [cm].
Wt total water content [cm].
V water loss coefﬁcient [cmd−1].
β=V/(wmax) is the normalized soil water loss coefﬁcient
[dimensionless].
γ=wmax/α is the normalized mean rainfall depth
[dimensionless].
α mean depth of rainfall events [cm].
λ rainfall rate per unit time [d−1].
ρ(R) simpliﬁed water loss function.
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